It is shown that every asymptotically regular or λ-firmly nonexpansive mapping T : C → C has a fixed point whenever C is a finite union of nonempty weakly compact convex subsets of a Banach space X which is uniformly convex in every direction. Furthermore, if {T i } i∈I is any compatible family of strongly nonexpansive self-mappings on such a C and the graphs of T i , i ∈ I, have a nonempty intersection, then T i , i ∈ I, have a common fixed point in C.
, is called the modulus of convexity of the Banach space X. The Banach space X is called uniformly convex (UC) if δ X (ε) > 0 for every ε > 0. When δ X (2) = 1, the space X is said to be strictly convex, that is, (x +y)/2 < 1 whenever x, y ∈ B(X) satisfy x −y > 0. For each ε > 0, the modulus of convexity of X in the direction z ∈ S(X) is defined by δ(ε, z) = inf{1− (x +y)/2 : x, y ∈ B(X), x −y = λz, |λ| ≥ ε}. Obviously, δ X (ε) = inf{δ(ε, z) : z ∈ S(X)}. A Banach space X is called uniformly convex in every direction (UCED) if for any z ∈ S(X) and ε > 0, δ(ε, z) > 0. It is clear that every UC Banach space is UCED and every UCED Banach space is strictly convex.
Let C be a nonempty closed subset of a Banach space X. A mapping T : C → C is said to be nonexpansive if T x − T y ≤ x − y for all x, y ∈ C. A nonexpansive mapping T on C is said to be asymptotically regular on C if lim n→∞ T n x − T n+1 x = 0 for any x in C. A nonexpansive mapping T : C → C is strongly nonexpansive if whenever {x n − y n } ∞ n=1 is bounded and
for all x, y in C, then T is said to be λ-firmly nonexpansive. For details of these mappings, see [1, 3] . It is obvious that every λ-firmly nonexpansive mapping is nonexpansive. In view of [3, Proposition 1.2], we see that every strongly nonexpansive mapping T : C → C on a nonempty weakly compact convex subset C of a Banach space X is asymptotically regular.
In general, for a nonexpansive self-mapping T on C, the fixed point set F(T ) = {x ∈ C : T x = x} may be empty. The basic theorem about the existence of fixed points for a nonexpansive mapping T is independently due to Browder [2] , Göhde [5] , and Kirk [8] .
From the point of view of fixed point theorem for the class of closed convex subset C, λ-firmly nonexpansive mappings T : C → C do not exhibit better behavior than nonexpansive mappings (cf. [4, page 43] ). However, the story is completely different if C is nonconvex. For details, see Smarzewski [9] , whose work was extended by Hong and Huang [6] to a weakly commutative family of λ-firmly nonexpansive mappings instead of a single mapping. In this paper, we show that the Smarzewski fixed point theorem for λ-firmly nonexpansive mappings remains true when the underlying space is a UCED Banach space. Further, the fixed point problem for asymptotically regular or strongly nonexpansive self-mappings on a nonconvex subset of a UCED Banach space is also investigated. It is shown that every asymptotically regular nonexpansive mapping T : C → C has a fixed point whenever C is a finite union of nonempty weakly compact convex subsets C k of a UCED Banach space. Moreover, if {T i } i∈I is any compatible family of strongly nonexpansive self-mappings on such a C and the graphs of T i , i ∈ I, have nonempty intersection, then T i , i ∈ I, have a common fixed point in C.
Fixed point theorems for asymptotically regular or λ-firmly nonexpansive mappings.
Let C be a nonempty subset of a Banach space X and {x j } a bounded sequence in X. The asymptotic radius of {x j } at a point x ∈ X is the number lim j→∞ x − x j and is denoted by r (x,{x j }). The number r (C,{x j }), defined by inf{r (x,{x j }) :
x ∈ C}, is called the asymptotic radius of {x j } with respect to C. A point z in C is said to be an asymptotic center of {x j } with respect to C if r (z,{x j }) = r (C,{x j }).
The set of all asymptotic centers is denoted by A(C, {x j }).
In this section, we show that every bounded sequence {x j } in a UCED Banach space X has a unique asymptotic center with respect to any nonempty weakly compact convex subset C of X, and then apply this result to study the fixed point property for asymptotic regular or λ-firmly nonexpansive mappings.
Lemma 2.1. Let C be any nonempty weakly compact convex subset of a Banach space X. Then for any bounded sequence {x
Proof. This follows from the observation that f : C → [0, ∞) defined by f (x) = r (x,{x j }) for x ∈ C is norm continuous and convex, therefore, weakly lower semicontinuous, and so attains its minimum on the weakly compact set C.
Lemma 2.2. Every bounded sequence in a UCED Banach space X has a unique asymptotic center with respect to any nonempty weakly compact convex subset of X.
Proof. Let {x j } be any bounded sequence in X and C a nonempty weakly compact convex subset of X. Put f (x) = r (x,{x j }) for x ∈ X and denote r (C,{x j }) by m. By Lemma 2.1, it suffices to show that A(C, {x j }) consists of exactly one point. Assume that there were two distinct points u and v in A(C, {x j }). Then m > 0 and u−v = λz for some λ > 0 and z ∈ S(X). Since X is UCED, for the above z and ε := (m+1)
which is in C by the convexity of C. The uniform convexity in the direction z implies that
for all sufficiently large j once we note that 
..,n}. Then for any x ∈ C, there is i such that x ∈ C i , and so 
Proof. If u i satisfies r (u i , {x j }) = m, then it follows from Lemma 2.3 that r (u i , {x j }) = r (C,{x j }), which implies that u i ∈ A(C, {x j }). For the other inclusion, let v be any member of A(C, {x j }). Choose
so r (v,{x j }) = m = r (u k , {x j }). By the uniqueness of the asymptotic center, we see
Lemma 2.5. Under the same hypothesis as Lemma 2.3, and suppose that T : C → C is nonexpansive. Then for any z ∈ C, A(C, {T
Proof. For each k ∈ {1, 2,...,n}, let u k ∈ C k be the unique asymptotic center of {T j z} with respect to the nonempty weakly compact convex subset C k , 1 ≤ k ≤ n.
Since T is nonexpansive, for any k ∈ {1, 2,...,n}, we have
Now, for any a ∈ A(C, {T j z}), it follows from (2.8) and (2.9) that
Consequently, f (T a) = m. Appealing to (2.8) once more, we obtain that T a ∈ A(C, {T j z}). This completes the proof.
With the aid of Lemmas 2.3, 2.4, and 2.5, we obtain one of our main results.
finite union of nonempty weakly compact convex subsets C k of a UCED Banach space X. Suppose that T : C → C is an asymptotically regular nonexpansive mapping. Then T has a fixed point in C.
Proof. Choose any z ∈ C. Since C is T -invariant and C is bounded, the sequence 
This means that w is a fixed point of T r . Put n k = kr , k ∈ N. It follows from the asymptotic regularity of T at w that
Hence T w = w. This completes the proof.
Since it is not known whether every λ-firmly nonexpansive mapping is asymptotic regular, the generalization of the Smarzewski fixed point theorem to λ-firmly nonexpansive mappings does not follow directly from Theorem 2.6. However, the proof of the following theorem is similar to that of Theorem 2.6. To begin, we recall the following known lemma. Otherwise, noting that
13) it follows from Lemma 2.7 that
14)
which implies that
. . . For the case that k = 1, we have the following corollary.
Corollary 2.9. Let C be a nonempty weakly compact convex subset of a UCED Banach space X. Suppose T : C → C is a λ-firmly nonexpansive mapping for some λ ∈ (0, 1). Then T has a fixed point in C.
The following conclusion is immediate from Theorem 2.8 and the fact that every uniformly convex Banach space is a UCED Banach space. Corollary 2.10 [9] . Suppose that C = n k=1 C k is a finite union of nonempty weakly compact convex subsets C k of a uniformly convex Banach space X and that T : C → C is a λ-firmly nonexpansive mapping for some λ ∈ (0, 1). Then T has a fixed point in C.
3.
A common fixed point theorem for strongly nonexpansive mappings. By [3, Proposition 1.2], it is easy to see that every strongly nonexpansive mapping T : C → C on a nonempty bounded closed subset C of a Banach space X is asymptotically regular. With this observation, the result of Theorem 2.6 can be strengthened. 
